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In a recent paper, Navarro and Tiep deﬁned the property AWC-good
for ﬁnite simple groups. They proved that the Alperin Weight Con-
jecture holds for every ﬁnite group if every ﬁnite simple group
is AWC-good. We show that every sporadic simple group is AWC-
good. Our computational proof requires to construct many radical
subgroups of sporadic simple groups up to conjugacy; we provide
these groups in an extensive appendix. As another application, for
every sporadic simple group G and prime p, we determine the es-
sential p-rank of G , that is, the number of G-conjugacy classes of
essential subgroups of a Sylow p-subgroup D of G . The essential
p-rank is closely related to the minimal cardinality of a conjuga-
tion family for the Frobenius category FG (D).
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1. Introduction
One of the main open problems in the representation theory of ﬁnite groups is the Alperin Weight
Conjecture. It asserts that for every ﬁnite group G the number of G-conjugacy classes of p-weights
of G is the number of irreducible p-Brauer characters of G . Recently, Navarro and Tiep [24] proved a
reduction theorem. For a ﬁnite simple group they deﬁned the property “AWC-good for the prime p”,
and they proved that the Alperin Weight Conjecture is true for all ﬁnite groups if every ﬁnite simple
group is AWC-good for every prime, see [24, Theorem A]. Navarro and Tiep [24, Corollary 8.2] also
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326 J. An, H. Dietrich / Journal of Algebra 356 (2012) 325–354proved that most sporadic simple groups with trivial outer automorphism group are AWC-good, that
is, AWC-good for every prime. Here we ﬁrst complete the proof of the AWC-goodness for sporadic
simple groups with trivial outer automorphism group, and then prove the AWC-goodness of the other
sporadic simple groups; the following is proved in Section 4.
Theorem 1.1. Every sporadic simple group is AWC-good as deﬁned in [24, Section 3].
Since the deﬁnition for “AWC-good” is rather technical we postpone it to Section 4. Our proof of
Theorem 1.1 is partly computational and requires for some sporadic simple groups and certain covers
to verify the Alperin Weight Conjecture. If G is a ﬁnite group, then the number of p-weights up to
conjugacy can be determined computationally as
∑
Q
∣∣Irr0
(
NG(Q )/Q
)∣∣,
where Q runs over all p-radical subgroups of G up to conjugacy, and Irr0(NG(Q )/Q ) denotes the
set of all ordinary complex defect zero characters of NG(Q )/Q . To apply this formula, the radical
subgroups of G must be known up to conjugacy. For most sporadic simple groups, these subgroups
can be found in the literature. However, we could not ﬁnd them for J1, J2, J3, McL, and Suz, so we
computed them explicitly using the computer algebra system Magma [23]. Several lists of radical
subgroups of the Baby Monster B and Monster M given in [32,33] are not correct. We corrected the
list of radical 2-subgroups of M in this paper; the other corrections can be found in [13,14]. A brief
report on the approach of classifying radical subgroups is given in Section 2.
If a sporadic simple group G has a non-trivial outer automorphism group Out(G), then Out(G)
is cyclic of order 2. For most such groups, the Alperin Weight Conjecture is known to be true. We
prove that the Alperin Weight Conjecture also holds for every z-cover X = zG (with z and p co-
prime) and, ﬁnally, that these groups are AWC-good for every prime. To verify the AWC-goodness
we need to know the action of an involution σ ∈ Out(G) ∼= Out(X), up to inner automorphisms, on
the union
⋃
Q Irr
0(NX (Q )/Q ) where Q runs over the radical subgroups of X (up to conjugacy). For
this purpose, we consider Y = X .2, generated by X and σ . If Q σ is non-conjugate to Q in G , then
NY (Q ) = NX (Q ), and σ sends any character in Irr0(NX (Q )/Q ) to Irr0(NX (Q σ )/Q σ ). If Q = 1, then
the action is given in the Atlas [17] or the computer algebra system GAP [18]. If Q = 1 and Q σ
is G-conjugate to Q , then |NY (Q ):NX (Q )| = 2. Thus we may suppose σ ∈ NY (Q ) after replacing σ
by σ y for some y ∈ X . So the action of σ on Irr0(NX (Q )/Q ) can be obtained by the character ta-
bles of NY (Q )/Q and NX (Q )/Q . In order to compute the character table of NY (Q )/Q we need to
construct the radical subgroups Q as subgroups of Y . Unfortunately, in many cases Y and X have dif-
ferent faithful permutation representations, and the known radical subgroups Q of X cannot be used
to compute NY (Q ). A brief report on the construction of NX (Q )/Q (and similarly of NY (Q )/Q ) is
given in Section 4.2. In Appendix A we provide tables listing all radical subgroups and some additional
information for each sporadic simple group.
Having the lists of radical subgroups available, it is an easy exercise to determine the essential
subgroups of G up to conjugacy. The number of these conjugacy classes is called the essential rank
rke(G, p) of G , see [20]. If D is a Sylow p-subgroup of G , then the essential rank of G is closely
related to the minimal cardinality of a conjugation family for the Frobenius category FG(D). We refer
to [5,6,20–22] for more details. In Section 3, we prove the following.
Theorem 1.2. Let G be a sporadic simple group and let p be a prime. We have rke(G, p) = 0with the following
exceptions; we write rke(G, p1, . . . , pr) = e1, . . . , er if rke(G, pi) = ei for all i ∈ {1, . . . , r}.
rke(B,2,3,5) = 5,4,2, rke(Co1,2,3,5) = 5,3,4, rke(Co2,2,3) = 4,2,
rke(Co3,2,3) = 4,2, rke(Fi22,2,3) = 4,4, rke(Fi23,2,3) = 4,3,
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(
Fi′24,2,3,7
)= 5,3,2, rke(He,2,3,7) = 4,1,1, rke(HN,2,3,5) = 4,2,2,
rke(HS,2) = 3, rke(J2,2) = 2, rke(J3,2) = 3,
rke(J4,2,3) = 5,1, rke(Ly,2,3,5) = 6,2,2, rke(M,2,3,5,7) = 6,4,3,3,
rke(M11,2) = 2, rke(M12,2,3) = 2,2, rke(M22,2) = 3,
rke(M23,2) = 3, rke(M24,2,3) = 4,1, rke(McL,2,3) = 3,2,
rke
(
O′N,2,7
)= 3,2, rke(Ru,2,3,5) = 3,1,1, rke(Suz,2,3) = 3,2,
rke(Th,2,3,5) = 5,3,1.
1.1. Notation
All groups are ﬁnite and p always denotes a prime. The notation we use for simple groups and
group extensions is the standard notation of the Atlas. For the sake of completeness we brieﬂy explain
it in Appendices A.1 and A.2. All other notation is explained in the following sections.
2. Radical subgroups
Let G be a group and p a prime. A subgroup U  G is p-radical if U = O p(NG(U )), the largest
normal p-subgroup of NG(U ). We denote by Rp(G) the set of p-radical subgroups of G up to con-
jugacy. In general, the radical subgroups of sporadic simple groups can be found in the literature,
see Table 1 in Appendix A for references. However, as indicated in the introduction, we have to
construct many radical subgroups explicitly to verify the AWC-goodness for the group and certain
covers.
If G is non-abelian simple, then every radical subgroup R  G lies in a maximal subgroup M < G
with NG(R) = NM(R). The maximal subgroups of sporadic simple groups are classiﬁed, see the Atlas,
and we use the following modiﬁed local strategy described in [7,8] to construct the radical subgroups
by computer. Let M be a subgroup of a ﬁnite group G satisfying NG(R) = NM(R).
• Step (1): Suppose M is p-local and let Q = O p(M), so that Q  R . Choose a subgroup H  M .
We explicitly compute the coset action of M on the cosets of H in M , and obtain a group W
representing this action and a group homomorphism f : M → W with kernel K . For a suit-
able H , we have K = Q and the degree of the action of W on the cosets is much smaller than
that of M . We can now directly classify the p-radical subgroup classes of W , or apply Step (2)
to W . The preimages in M of the radical subgroup classes of W are the radical subgroup classes
of M .
• Step (2): Suppose M is not p-local. We may be able to ﬁnd its p-radical subgroup classes directly.
Alternatively, we ﬁnd a (maximal) subgroup L  M such that NL(R) = NM(R) for each p-radical
R  M . If L is p-local, then we apply Step (1) to L. If L is not p-local, then we replace M by L
and repeat Step (2).
We apply this strategy to list the radical subgroups of each M; we then fuse these groups as follows.
For a p-radical R  M we use the local structure to determine whether or not NM(R) is a subgroup
of another maximal subgroup N < G . If NM(R) N , then there exists a radical P  N such that R  P
and NM(R) NN (P ). Using local structure, we can determine whether or not R is radical in N and, if
so, then we can identify R with a radical subgroup of N .
The modiﬁed local strategy can be applied either to a sporadic simple group G or quotients
M/Q of maximal subgroups M of G , where Q = O p(M). Thus, some radical subgroups R of G
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|Irr0(NM(R)/R)| = |Irr0(NM/Q (R/Q ))|. The list of all sporadic simple groups, tables listing their rad-
ical subgroups up to conjugacy, and the notation used in these tables is described in detail in
Appendix A.
We also consider the following situation. Let G be a sporadic simple group and let X = zG be
a z-cover of G , that is, X/Z ∼= G where the center Z = Z(X) is cyclic of order z. Since G is spo-
radic, only z ∈ {1,2,3,4,6,12} is possible, see [17], and we assume that p and z are coprime. Then
the map R → R Z/Z describes a one-to-one correspondence between the p-radical subgroups of X
and G , respectively, and we view every R ∈ Rp(G) as a radical subgroup of X with NX (R)/Z =
NG(R).
3. Essential rank
Throughout this section let G be a ﬁnite group with non-trivial Sylow p-subgroup D . First, we
recall some deﬁnitions. A proper subgroup U < G with p | |U | and p  |U ∩ U g | for all g ∈ G \ U is
a strongly p-embedded subgroup. A subgroup U  D is p-essential if NG(U )/UCG (U ) has a strongly
p-embedded subgroup and Z(U ) is a Sylow p-subgroup of CG (U ). It is easy to see that every
p-essential subgroup is p-radical. The essential p-rank rke(G, p) of G is the number of G-conjugacy
classes of essential subgroups in D . We note that the essential p-rank of G coincides with the es-
sential rank of the Frobenius category FD(G), see [20], which is of interest in the theory of fusion
systems; we refer to [20–22] for more details. It is the aim of this section to determine the essential
p-rank for every sporadic simple group. The essential p-rank for a ﬁnite simple group of Lie type in
characteristic p has already been determined by Puig [27], and is closely related to the Lie rank of
the group.
3.1. Strongly p-embedded subgroups
Aschbacher [16, (6.2)] provides a classiﬁcation of groups containing strongly p-embedded sub-
groups. For a group G let mp(G) be its p-rank, that is, the largest rank of an elementary abelian
p-subgroup. We denote by Ωp(G) the subgroup of G generated by all elements of order p. The p′-core
O p′ (G) is the largest normal subgroup of G of order coprime to p.
Theorem 3.1 (Aschbacher). The group G has a strongly p-embedded subgroup if and only if O p(G) is trivial
and mp(G) = 1, or Ωp(G)/O p′ (Ωp(G)) is one of the following:
a) simple group of Lie type of Lie rank 1 and characteristic p,
b) alternating group A2p with p  3,
c) 2G2(3), L3(4), M11 with p = 3, Aut(Sz(32)), 2F4(2)′ , McL, Fi22 with p = 5, or J4 with p = 11.
Corollary 3.2. Let G be a group, p a prime dividing the order of G, and N  G a normal subgroup.
a) If p  |N|, then G/N has a strongly p-embedded subgroup if and only of G has a strongly p-embedded
subgroup containing N.
b) If p  |G/N|, then G has a strongly p-embedded subgroup if and only if N has a strongly p-embedded
subgroup.
c) If G = N × K , then G has a strongly p-embedded subgroup if and only if one factor is a p′-group and the
other one has a strongly p-embedded subgroup.
Proof. a) This follows since the kernel of the natural homomorphism G → G/N is a p′-subgroup.
b) Let Λp(G) be the graph whose vertices are the subgroups of G of order p, and there is an edge
between H and K if and only if H and K commute. By [16, (6.1)], G has a strongly p-embedded
subgroup if and only if Λp(G) is disconnected. Now the assertion follows from Λp(G) = Λp(N).
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a strongly p-embedded subgroup of G . Now let S < G be a strongly p-embedded subgroup of G ,
containing a Sylow p-subgroup S1 × S2 of G . If both S1 and S2 are non-trivial, then w.l.o.g. there
exists g ∈ N \ S1, and S2  S g ∩ S yields a contradiction. Thus, w.l.o.g. S1 = 1, and the projection of S
into K is a strongly p-embedded subgroup of K . 
3.2. The essential rank
For every sporadic simple group G and prime p we determine the essential p-rank rke(G, p).
Again, we denote by D a Sylow p-subgroup of G . Note that rke(G, p) = 0 whenever D is abelian,
hence we only consider primes which allow a non-abelian D . The list Rp(G) of p-radical subgroups
of G up to conjugacy is given in Appendix A. Let Ress consist of the essential groups R ∈Rp(G), that
is, Z(R) is a Sylow p-subgroup of CG (R) and NG(R)/RCG (R) has a strongly p-embedded subgroup.
Note that the condition on Z(R) holds if CG(R) is a p-group since R is radical. We use Corollary 3.2
and Theorem 3.1 to check the condition on NG(R)/RCG (R). Now rke(G, p) = |Ress| can be deter-
mined readily, which proves Theorem 1.2. The essential subgroups in Tables 2–27 are printed in
boldface.
Proof of Theorem 1.2. As an example, we consider G = O′N; the essential rank of all other sporadic
simple groups is determined similarly. The radical subgroups of G up to conjugacy are given in Ta-
ble 24. Clearly, rke(G, p) = 0 for all p /∈ {2,7}. Using the notation of Table 24, the radical 2-subgroups
R  G with Z(R) a Sylow 2-subgroup of CG(R) are 43, 4.24, (4×22).24, (42×2).23, and D . The groups
R ∈ {(4× 22).24, (42 × 2).23} have quotient N = NG(R)/R ∼= S3 with O 2(N) = 1 and m2(N) = 1, hence
they are essential. Since A5 ∼= L2(4) is a simple group of Lie type with Lie rank 1 and characteris-
tic 2, it has a strongly 2-embedded subgroup, hence 4.24 is essential. The group L3(2) has no strongly
2-embedded subgroup according to Theorem 3.1, thus rke(G,2) = 3 is proved. Similarly, for p = 7 it
follows that only (72)a and (72)b are essential, hence rke(G,7) = 2. 
4. Sporadic simple groups are AWC-good
Let G be a ﬁnite group and p a prime. An element of G is p-regular if its order is not divisible
by p. For an integer n = 0 let np be the largest p-power dividing n. A p-weight of G is a pair (Q ,χ),
where Q is a p-subgroup of G and χ is an ordinary complex irreducible character of NG(Q )/Q
with defect zero, that is, |χ(1)|p = |NG(Q )/Q |p . Clearly, G acts on its p-weights via conjugation.
The Alperin Weight Conjecture asserts that the number of G-conjugacy classes of p-weights of G is
the number of irreducible p-Brauer characters of G . Recently, Navarro and Tiep proved a reduction
theorem. For a ﬁnite simple group they deﬁned the property “AWC-good for the prime p”, and they
proved that the Alperin Weight Conjecture is true for all ﬁnite groups if each ﬁnite simple group is
AWC-good for every prime, see [24, Theorem A]. They proved the following, see [24, Lemma 8.1 and
Corollary 7.2].
Theorem 4.1 (Navarro and Tiep). Let G be a ﬁnite non-abelian simple group and p a prime.
a) If G has trivial outer automorphism group, a cyclic Schur multiplier of order 1, 2, 3, 4, or 6, and the Alperin
Weight Conjecture for the prime p holds for all covers of G whose center has order coprime to p, then G is
AWC-good for p.
b) If G has a cyclic outer automorphism group and a cyclic Sylow p-subgroup P with P  CG(Q ) for any
1 = Q  P , then G is AWC-good for p.
We mention that the assumptions in Theorem 4.1a) seem slightly weaker than the assumptions
given in [24, Lemma 8.1]. That this is possible follows readily from the proof of [24, Lemma 8.1],
where only covers with center of order coprime to p are considered.
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for every prime. Since every sporadic simple group has a cyclic outer automorphism group of order at
most 2, see [17], it is suﬃcient to consider only primes p which admit a Sylow p-subgroup of order
at least p2, cf. Theorem 4.1b).
Every sporadic simple group has a cyclic Schur multiplier of order dividing 12, see [17], and we
ﬁrst show that Theorem 4.1a) is applicable to all sporadic simple groups with trivial outer automor-
phism group. We then provide the deﬁnition of “AWC-good” and consider the sporadic simple groups
with non-trivial outer automorphism group.
4.1. Notation
Let p be a ﬁxed prime and G a ﬁnite group. The set of all ordinary complex irreducible characters
of G is denoted by Irr(G). If H  G and λ ∈ Irr(H), then we write Irr(G | λ) for the set of all ordinary
irreducible characters χ of G such that λ is an irreducible constituent of the restriction χH . Let Irr0(G)
consist of all χ ∈ Irr(G) with |χ(1)|p = |G|p , that is, χ has defect zero. If H  G and λ ∈ Irr0(H), then
Irr0(G | λ) = Irr(G | λ) ∩ Irr0(G). Let IBr(G) be the set of all p-Brauer characters of G . This deﬁnition
depends on the choice of a certain maximal ideal in the ring of algebraic integers in C, see [25,
Chapter 2], and for every prime p we ﬁx such an ideal, hence IBr(G) is consistently deﬁned. Every
defect zero character χ ∈ Irr0(G) admits a restriction χ0 to the p-regular elements of G , and we
have χ0 ∈ IBr(G). If H  G and λ ∈ IBr(H), then we deﬁne IBr(G | λ) as above, see [25, p. 155]. If
N  G and λ ∈ IBr(N) is G-invariant, then λ uniquely determines an element [λ]G/N of the Schur
multiplier of G/N , cf. [25, Theorem 8.15]. We write Wp(G) for the set of p-weights of G up to
conjugacy. Let p(G) be the number of conjugacy classes of p-regular elements of G . It follows from
[25, Corollary 2.10] that |IBr(G)| = p(G), hence the Alperin Weight Conjecture for G and p states
that |Wp(G)| = p(G). For our computational results we will refer to the tables in Appendix A; the
notation used for the entries and labels of these tables are described in Appendices A.1 and A.3,
respectively.
4.2. Trivial outer automorphism group
Let G be a sporadic simple group and p a prime. If (Q ,χ) is a p-weight of G , then Q is p-radical,
cf. [24, Section 2], hence
∣∣Wp(G)
∣∣=
∑
Q ∈Rp(G)
∣∣Irr0
(
NG(Q )/Q
)∣∣.
In many cases, the character table of NG(Q )/Q is given in the Atlas, the character table library of
GAP, or in the literature, so we can ﬁnd Irr0(NG(Q )/Q ). Otherwise, we employ two strategies, as
described in [8, Section 6], to obtain faithful representations of NG(Q )/Q .
(i) Construct the actions of NG(Q ) on the cosets of the solvable subgroups of NG(Q ) containing Q .
(ii) Construct the orbits of NG(Q ) on the underlying set of G (when G is a permutation group); for
the stabiliser S of an orbit representative, construct the action of NG(Q ) on the cosets of 〈S, Q 〉.
Note that in both cases Q lies in the kernel of these actions. Using a faithful representation of
NG(Q )/Q as input, we can compute the character table of NG(Q )/Q , and hence Irr0(NG(Q )/Q ).
The number p(G) of G-classes of p-regular elements is known, hence we can verify the Alperin
Weight Conjecture for every sporadic simple group.
Now let X = zG be a z-cover of G , hence Z = Z(X) has order z ∈ {1,2,3,4,6,12}, and we assume
that p and z are coprime. Recall that we view every Q ∈ Rp(G) as a radical subgroup of X with
NX (Q )/Z = NG(Q ). Again, if the character tables of NX (Q )/Q are known (given in the Atlas or in
the character table library of GAP, or in literature), then we can easily get Irr0(NX (Q )/Q ). Otherwise
we construct NX (Q )/Q as above and use Magma or GAP to determine its character table, hence
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consider χ as a character of NX (Q ) which is trivial on Q .
Our computations yield the following.
Theorem 4.2. Let X be a cover of a sporadic simple group G with trivial outer automorphism group. If p is a
prime with p  |Z(X)|, then X satisﬁes the Alperin Weight Conjecture for the prime p.
Proof. For most sporadic simple groups the Alperin Weight Conjecture is already proved, see the
references in Table 1. Corollary 8.2 of [24] implies that we only need to consider B and M. Since
we cannot ﬁnd the proof of the Alperin Weight Conjecture in the literature for Th and Ly, and the
2-covers 2Co1 and 2Ru, we also give a short proof here.
It follows from [13] that the Alperin Weight Conjecture holds for M and odd p. Our computations
yield |W2(M)| = 61, see Table 17, and we learn from the Atlas that 2(M) = 61. It follows from [14]
that B and 2B both satisfy the Alperin Weight Conjecture for odd p. Our computations show that
|W2(B)| = 27, see Table 2, and [17] yields 2(2B) = 27. Similarly, for the Thompson group we obtain
7(Th) = 44, 5(Th) = 41, 3(Th) = 16, and 2(Th) = 21. Our computations prove p(Th) = |Wp(Th)|
for all p, see Table 27. The Lyons group satisﬁes 5(Ly) = 40, 3(Ly) = 30, and 2(Ly) = 27. As shown
in Table 16, we have p(Ly) = |Wp(Ly)| for all p.
If X = 2Co1, then 7(X) = 147, 5(X) = 123, and 3(X) = 71. By Clifford Theory, a p-weight of X
with p ∈ {3,5,7} either covers the trivial character of Z(X) or the unique faithful linear character
λ2 of Z(X). In Table 3, the numbers of p-weights of X covering the trivial character of Z(X) are
listed in the column labelled |Irr0|, and the number of p-weights of X covering λ2 are listed in the
column labelled λ2. Note that 7(Co1) = 90, 5(Co1) = 76, and 3(Co1) = 44. By Table 3, each p(Co1)
is the number of p-weights of X covering the trivial character of Z(X) (so that the Alperin Weight
Conjecture holds for Co1, which is also shown in [11]). By Table 3 again, p(X) − p(Co1) is the
number of p-weights covering λ2, thus the Alperin Weight Conjecture holds for X .
Similarly, if X = 2Ru, then 5(X) = 46 and 3(X) = 47. By Clifford Theory, a p-weight of X with
p ∈ {3,5} either covers the trivial character or the unique faithful linear character λ2 of Z(X). Note
that 5(Ru) = 28 and 3(Ru) = 29, and, by Table 25, each p(Ru) is the number of p-weights of X
covering the trivial character of Z(X) (so that the Alperin Weight Conjecture holds for Ru, which is
also proved in [9]). By Table 25 again, p(X) − p(Ru) is the number of p-weights covering λ2. 
As a consequence of Theorem 4.2, we obtain the following generalisation of [24, Corollary 8.2].
Theorem 4.3. Every sporadic simple group with trivial outer automorphism group is AWC-good.
Proof. If G is a sporadic simple group with trivial outer automorphism group and Schur multiplier,
then G is one of M, M11, M23, M24, Co2, Co3, J1, J4, Fi23, Th, Ly. It follows from Theorem 4.2 that
G is AWC-good; cf. [24, Corollary 8.2]. If G has trivial outer automorphism group but non-trivial
Schur multiplier, then G ∈ {Co1,B,Ru}, and the only non-trivial cover of G is 2G . Again, Theorems 4.2
and 4.1a) show that G is AWC-good. 
4.3. Non-trivial outer automorphism group
It remains to consider the sporadic simple groups with non-trivial outer automorphism group,
that is, M12, M22, J2, J3, Fi22, F′24, McL, Suz, He, HN, HS, and O′N. We cannot apply Theorem 4.1a)
and, thus, we brieﬂy recall the deﬁnition of AWC-good as given in [24]; we refer to [24, Section 3] for
more details.
Deﬁnition 4.4. Every abelian simple group is AWC-good. Let G be a non-abelian simple group of order
divisible by a prime p. The group G is AWC-good for p if the following conditions (1), (2), and (3) are
satisﬁed for every cover X of G whose center Z = Z(X) has order coprime to p.
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IBr(X | Q , λ) of IBr(X | λ) satisfying the following conditions.
(1a) IBr(X | Q , λ) = IBr(X | R,μ) if and only if λ = μ and Q and R are X-conjugate.
(1b) IBr(X | λ) is the disjoint union of all IBr(X | Q , λ) with Q ∈Rp(X).
(1c) If α ∈ Aut(X), then IBr(X | Q , λ)α = IBr(X | Q α,λα).
(2) For every p-radical Q  X and every faithful λ ∈ Irr(Z), there is a bijection
∗(Q ,λ) : IBr(X | Q , λ) → Irr0(NX (Q )/Q | λ
)
,
such that for all α ∈ Aut(X) and ψ ∈ IBr(X | Q , λ) we have that (ψα)∗(Q α,λα) = (ψ∗(Q ,λ))α .
(3) For every faithful λ ∈ Irr(Z), group Q ∈Rp(X), and θ ∈ IBr(X | Q , λ) there exists a group Gθ with
X  Gθ such that the following holds; write AQ ,θ = CNA (Q )(θ) where A = CAut(X)(Z).
(3a) Z  Z(Gθ ), θ is Gθ -invariant, and AQ ,θ is exactly the group of automorphisms of X induced
by the conjugation action of the subgroup NGθ (Q ). Conditions (1b) and (1c) imply that
Gθ = XNGθ (Q ).
(3b) CGθ (X) is abelian.
(3c) IBr(CGθ (X) | λ) contains a Gθ -invariant character γ .
(3d) We have [θ ·γ ]Gθ /XCGθ (X) = [(θ∗(Q ,λ))0 ·γ ]NGθ (Q )/NX (Q )CGθ (X) , where we identify Gθ /XCGθ (X)
with NGθ (Q )/NX (Q )CGθ (X) via the natural isomorphism.
We now prove that every sporadic simple group with non-trivial outer automorphism group is
AWC-good. The notation used in the following sections is as follows.
4.3.1. Notation
Let G be a sporadic simple group with non-trivial outer automorphism group. Let X be a cover
of G with center Z = Z(X) of order z coprime to p. Note that Z is cyclic and z divides 12. The
case z = 12 implies G = M22 and all Sylow p-subgroups of G are cyclic of order p since p and z are
coprime. By Theorem 4.1b), we therefore may assume that z ∈ {1,2,3,4,6}. If z ∈ {3,4,6}, then Z has
precisely two faithful characters λz and λ′z . If z ∈ {1,2}, then we denote by λz the unique faithful
character of Z .
4.3.2. The cardinality of Irr0(NX (Q )/Q | λz)
Motivated by condition (2), we compute the cardinality of Irr0(NX (Q )/Q | λ) for every Q ∈Rp(X)
and faithful λ ∈ Irr(Z). By Clifford Theory, every χ ∈ Irr0(NX (Q )/Q ) has a unique irreducible con-
stituent χˆ ∈ Irr(Z), hence Irr0(NX (Q )/Q ) is the disjoint union of Irr0(NX (Q )/Q | ψ) where ψ runs
over Irr(Z). The kernel T = ker χˆ is normal in NX (Q )/Q , and we identify Irr(NX/T (Q )/Q ) with the
subset of elements in Irr(NX (Q )/Q ) which are trivial on T . Hence we can identify Irr0(NX (Q )/Q | ψ)
with Irr0(NX/T (Q )/Q | ψ ′), where ψ ′ is the faithful character of Z/T deﬁned by ψ . This yields the
following
– If z = 1, then Irr0(NX (Q )/Q | λz) = Irr0(NX (Q )/Q ).
– If z = 2, then Irr0(NX (Q )/Q | λz) = Irr0(NX (Q )/Q ) \ Irr0(NG(Q )/Q ).
– If z = 3, then Irr0(NX (Q )/Q | λz) ∪ Irr0(NX (Q )/Q | λ′z) = Irr0(NX (Q )/Q ) \ Irr0(NG(Q )/Q ).
– If z ∈ {4,6}, then
Irr0
(
NX (Q )/Q | λz
)∪ Irr0(NX (Q )/Q | λ′z
)= Irr0(NX (Q )/Q
) \
⋃
T ,λ
Irr0
(
NX/T (Q )/Q | λ
)
,
where T runs over all non-trivial subgroups of Z and λ runs over all faithful irreducible characters
of Z(X/T ). By construction, the union on the right-hand side is disjoint.
If z  3, then λz is the complex conjugate of λ′z , hence |Irr0(NX (Q )/Q | λz)| = |Irr0(NX (Q )/Q | λ′z)|.
Thus, the above formulae allow us to compute |Irr0(NX (Q )/Q | λ)| for every faithful λ ∈ Irr(Z).
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For a faithful character λ ∈ Irr(Z) we deﬁne
wtp(X, λ) =
⋃
Q ∈Rp(G)
Irr0
(
NX (Q )/Q | λ
)
and write wtp(G) = wtp(X, λ) if z = 1 (and thus λ is trivial); note that |wtp(G)| = |Wp(G)|, and the
cardinality of wtp(X, λ) can be computed as described in Section 4.3.2.
Here we prove that |IBr(X | λ)| = |wtp(X, λ)|. We use this result in the subsequent section to deﬁne
a bijection ∗ : IBr(X | λ) → wtp(X, λ), and, for a radical subgroup Q  X ,
IBr(X | Q , λ) = ∗−1(Irr0(NX (Q )/Q | λ
))
,
such that conditions (1) and (2) of Deﬁnition 4.4 are satisﬁed. First, the argument in Section 4.3.2 can
be used to prove the following preliminary lemma, see also the proof of [24, Lemma 8.1].
Lemma 4.5. Let e = 2 if z ∈ {3,4,6}, and e = 1 otherwise. Using the previous notation,
∣∣IBr(X | λ)∣∣= 1
e
∣∣∣∣IBr(X) \
⋃
1<TZ
IBr(X/T )
∣∣∣∣,
where we identify IBr(X/T ) with the subset of elements in IBr(X) which are trivial on T .
Lemma 4.6. Using the previous notation, |IBr(X | λ)| = |wtp(X, λ)|.
Proof. If z = 1, then X = G . Our computations prove that p(G) = |wtp(G)|, see Tables 2–27
in Appendix A, hence |IBr(G)| = |Wp(G)|. Similarly, if z = 2, then our computations show that
p(X) − p(G) = |wtp(X, λ)|, thus |IBr(X | λ)| = |IBr(X)| − |IBr(G)| = p(X) − p(G) = |wtp(X, λ)|. If
z = 3, then λ ∈ {λ3, λ′3} and our computations yield
p(X) − p(G) =
∣∣wtp(X, λz)
∣∣+ ∣∣wtp
(
X, λ′z
)∣∣= 2∣∣wtp(X, λz)
∣∣,
hence |IBr(X | λ)| = |wtp(X, λ)|. If z = 4, then our computations prove that
p(X) − p(G) − p(2G) = 2
∣∣wtp(X, λz)
∣∣
and, if z = 6, then p(X)− p(G)− p(2G)− p(3G) = 2|wtp(X, λz)|. Since λ ∈ {λz, λ′z}, it follows from
Lemma 4.5 that in both cases |IBr(X | λ)| = |wtp(X, λ)|. 
4.3.4. AWC-good
Recall that |Out(G)| = 2; we start with a preliminary lemma which can also be read off the Atlas.
Lemma 4.7. Using the previous notation, |Out(X)| = 2 and the group acts via inversion on Z .
Proof. Consider ψ : Aut(X) → Aut(G), α → α|X/Z , and let α ∈ kerψ . It follows readily that α(s) = s
for all s ∈ X with order coprime to z. Let W = 〈s ∈ X | gcd(|s|, z) = 1〉 and note that X = W Z since
W Z/Z ∼= G due to the simplicity of G . Since X is perfect, X = [W ,W ], thus X = W , which proves
that ψ is injective. Clearly, ψ induces an isomorphism between the inner automorphism group of X
and G , respectively. The Atlas implies that Out(X) = 1, thus ψ is an isomorphism. It follows from
[19, Section 5.2] that Out(G) acts via inversion on Z , which implies the assertion. 
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classes of p-regular elements in X . Note that Cp′ (X) can be found in the Atlas and determined
with GAP, and |Cp′ (X)| = p(X) = |IBr(X)|. If z ∈ {1,2}, then λ = λz and σ acts both on Cp′ (X)
and wtp(X, λ). Since |Out(X)| = 2 and Inn(X) acts trivially on Cp′ (X) and wtp(X, λ), respectively,
both actions of σ can be described by permutations of order at most 2. Denote by Cwtp(X,λ)(σ ) and
CCp′ (X)(σ ) the sets of ﬁxed points of σ . If z 3, then the analogon holds with wtp(X, λ) replaced by
wtp(X, λz) ∪wtp(X, λ′z). We make a case distinction.
If z = 1, then X = G and the character λ = λ1 is trivial. Our computations show that
∣∣CCp′ (G)(σ )
∣∣= ∣∣Cwtp(G)(σ )
∣∣,
where |CCp′ (G)(σ )| can be determined from [17]; we comment on this calculation in the following
section. An application of Brauer’s Permutation Lemma, see [26, Lemma 3.2.18 and p. 234], proves
that |CCp′ (G)(σ )| = |CIBr(G)(σ )|. Since |Cp′ (G)| = p(G) = |IBr(G)|, the cycle structure describing the
permutation action of σ on IBr(G) and wtp(G), respectively, is the same, and we can choose a
bijection ∗ : IBr(G) → wtp(G) satisfying ∗(χσ ) = ∗(χ)σ for all χ ∈ IBr(G). In particular, this im-
plies ∗(χα) = ∗(χ)α for all α ∈ Aut(G), and conditions (1) and (2) of Deﬁnition 4.4 are satisﬁed. If
Q ∈Rp(G) and θ ∈ IBr(G | Q ), then condition (3) holds readily with Gθ = G if θσ = θ , and Gθ = G.2
(generated by G and σ ) otherwise.
If z = 2, then X = 2G and λ = λ2. By Lemma 4.6, we have |IBr(X | λ)| = |wtp(X, λ)|, and our
computations conﬁrm that
∣∣Cwtp(X,λ)(σ )
∣∣= ∣∣CCp′ (X)(σ )
∣∣− ∣∣CCp′ (G)(σ )
∣∣;
we comment on the determination of the number of ﬁxed points in the following section. Again, an
application of Brauer’s Permutation Lemma shows that |CCp′ (G)(σ )| = |CIBr(G)(σ )| and |CCp′ (X)(σ )| =
|CIBr(X)(σ )|, and it follows from IBr(X | λ) = IBr(X) \ IBr(X/Z) that
∣∣Cwtp(X,λ)(σ )
∣∣= ∣∣CIBr(X |λ)(σ )
∣∣.
Therefore, the cycle structure describing the permutation action of σ on IBr(X | λ) and wtp(X, λ),
respectively, is the same. Hence, we can choose a bijection ∗ : IBr(X | λ) → wtp(X, λ) satisfying
∗(χσ ) = ∗(χ)σ for all χ ∈ IBr(X | λ). In particular, this implies ∗(χα) = ∗(χ)α for all α ∈ Aut(X),
and conditions (1) and (2) of Deﬁnition 4.4 are satisﬁed. If Q ∈ Rp(X) and θ ∈ IBr(X | Q , λ), then
condition (3) is satisﬁed with Gθ = X if θσ = θ , and Gθ = X .2 (generated by X and σ ) other-
wise.
If z  3, then Out(X) acts non-trivially on Z via inversion, see Lemma 4.7; in particular,
σ swaps IBr(X | λz) and IBr(X | λ′z), and wtp(X, λz) and wtp(X, λ′z). Thus, we can deﬁne a bijection∗ : IBr(X | λz) ∪ IBr(X | λ′z) → wtp(X, λz) ∪ wtp(X, λ′z) satisfying ∗(χα) = ∗(χ)α for all α ∈ Aut(X) so
that conditions (1) and (2) of Deﬁnition 4.4 hold. If Q ∈ Rp(X) and θ ∈ IBr(X | Q , λ), then condi-
tion (3) holds readily with Gθ = X .
We have proved the following theorem, which, together with Theorem 4.3 proves Theorem 1.1.
Theorem 4.8. Every sporadic simple group with non-trivial outer automorphism group is AWC-good.
4.3.5. Number of ﬁxed points
We now assume that z ∈ {1,2} and X = zG . Let Q ∈ Rp(X) and let σ ∈ Aut(X) be a non-trivial
outer automorphism. If Q σ is not X-conjugate to Q , then σ sends each character of Irr0(NX (Q )/Q )
to Irr0(NX (Q σ )/Q σ ). If Q σ is X-conjugate to Q , then there exists x ∈ X such that σ x stabilizes
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lizes NX (Q ). If NX (Q )/Q is given in the Atlas, then the action of σ on Irr0(NX (Q )/Q | λz) can be
obtained from the Atlas as well. If NX (Q )/Q is not given, then we construct X .2 (generated by X
and σ ) and then NX .2(Q )/Q . Using Clifford Theory and the character table of NX .2(Q )/Q , we ﬁnd
the action of σ on Irr0(NX (Q )/Q | λz), hence the number of ﬁxed points. To determine |CCp′ (K )(σ )|
for K ∈ {X,G}, we consider K .2 (generated by K and σ ) and use the character table library of GAP to
compute
aK =
∣∣{sK ∈ Cp′(K ) |
∣∣CK (s)
∣∣ = ∣∣CK .2(s)
∣∣}∣∣,
where sK denotes the conjugacy class of s ∈ K in K ; note that the centraliser orders can also be read
off the GAP library of character tables. Clearly, σ ﬁxes sK ∈ Cp′ (K ) if and only if |CK .2(s)| > |CK (s)|,
hence |CCp′ (K )(σ )| = aK is determined.
Example 4.9. Let G = O′N and let σ ∈ Aut(G) be a non-trivial outer automorphism. We consider
Table 24 for p = 2. The 2-radical subgroups of G were constructed explicitly in Magma using the
method described in Section 2. For each 2-radical subgroup R the numbers |Irr0(NG(R)/R)| and
|Irr0(N3G(R)/R | λ3)| were determined computationally using Magma. If R = 1, then the informa-
tion given in the Atlas is used to determine the number of ﬁxed points of σ on Irr0(G). If R = 1, then
number of ﬁxed points of σ on Irr0(NG(R)/R) is determined by Clifford Theory and the characters in
Irr0(NG(R)/R) and Irr0(NG.2(R)/R) which are calculated by Magma.
We now show how to verify partly these results with GAP. Note that |IBr(G)| = |wtp(G)| by
Lemma 4.6, and the results in Table 24 claim |wtp(G)| = 13, which is the sum of all entries under
|Irr0| for p = 2. Since |IBr(G)| = 2(G), the following GAP command veriﬁes |IBr(G)| = 13:
gap> Number(OrdersClassRepresentatives(CharacterTable("ON")),IsOddInt);
13
Lemma 4.5 shows that |IBr(3G)| = 2|IBr(3G | λ3)| + |IBr(G)| and it follows from Lemma 4.6 that
|IBr(3G | λ3)| = |wtp(3G, λ3)|. Our results in Table 24 claim |wtp(3G, λ3)| = 10, which is the sum of
all entries under λ3 for p = 2. We already know |IBr(G)| = 2(G) = 13, and |IBr(3G)| = 2.10+13 = 33
can be veriﬁed by the same GAP command as above where "ON" is replaced by "3.ON".
Table 24 shows that |Cwt2(G)(σ )| = 11, which is the sum of all ﬁrst numbers of entries n/m un-
der |Irr0| for p = 2. We can use the following GAP code to verify that |CIBr(G)(σ )| = 11; recall that
|CIBr(G)(σ )| = |CC2′ (G)(σ )| by Brauer’s Permutation Lemma.
gap> c:=CharacterTable("ON");;
gap> i:=NrConjugacyClasses(c);;
gap> pos:=Filtered([1..i],x->IsOddInt(OrdersClassRepresentatives(c)[x]));;
gap> SizesCentralisers(c){pos};
[ 460815505920, 3240, 180, 1372, 49, 11, 45, 45, 19, 19, 19, 31, 31 ]
gap>
gap> c:=CharacterTable("ON.2");;
gap> i:=NrConjugacyClasses(c);;
gap> pos:=Filtered([1..i],x->IsOddInt(OrdersClassRepresentatives(c)[x]));;
gap> SizesCentralisers(c){pos};
[ 921631011840, 6480, 360, 2744, 98, 22, 90, 90, 38, 38, 38, 31 ]
This shows that there are 11 conjugacy classes sG ∈ C2′ (G) with |CG(s)| < |CG.2(s)|. According to
Section 4.3.5, this implies that |CC2′ (G)(σ )| = 11.
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We list all sporadic simple groups and their radical subgroups. The notation we use is standard,
but, for the sake of completeness, we brieﬂy explain it here.
A.1. Notation
Let A, B be groups and l,n,m be positive integers. Let p be a prime. We denote by A× B the direct
product of A and B . We write An for the direct product of n copies of A. An extension, split extension,
and central extension of B by A is written as A.B , and A:B , and AB , respectively. The wreath product
with top group B is A  B . We denote by [n] a group of order n, and write n for the cyclic group
of order n. We write pn1+···+nl for a group whose upper central series has sections pn1 , . . . , pnl . The
group p1+2n is an extraspecial group; there are two isomorphism types which are denoted by p1+2n+
and p1+2n− . The alternating and symmetric group on n points are denoted by An and Sn , respectively.
The dihedral, semidihedral, and quaternion group of order n are Dn , SDn , and Qn . We write GLn(q)
for the general linear group of degree n over the ﬁeld with q elements. Let Ln(q), Un(q), Sn(q) and
O±n (q) be the simple classical groups (special linear, unitary, symplectic, and orthogonal group). The
Frobenius group with cyclic kernel of order m and cyclic complement of order n is denoted by Fnm .
We read A.B.C as (A.B).C , and similar for other products of groups.
A.2. Sporadic simple groups
For details on the sporadic simple groups we refer to the Atlas and the book of Gorenstein et al.
[19, Section 5.2]. In Table 1 we list these groups, their orders, and the orders |M| and |Out| of their
Schur multiplier and outer automorphism group respectively. Recall that the Schur multiplier and
outer automorphism group of each sporadic simple group is cyclic of order dividing 12 and 2, respec-
tively.
For every sporadic simple group we also provide references for the classiﬁcation of their radical
subgroups and the veriﬁcation of the Alperin Weight Conjecture if available. A reference to Magma
means we have determined the corresponding information with the computer algebra system Magma
[23]. The tables which are mentioned list the radical p-subgroups (up to conjugacy) for all primes p
whose square divides the order of the group, and some further information.
A.3. Tables of radical subgroups
This section contains the tables listing the radical p-subgroups for every sporadic simple group
G and prime p with p2 | |G|. Although for most groups these subgroups are already classiﬁed, see
Table 1 for references, we listed them here for the sake of completeness. If one isomorphism type
H of a radical group occurs several times, then we sometimes denote these non-conjugate groups by
Ha , Hb , etc. We sometimes write D for a Sylow p-subgroup. The essential subgroups are printed in
boldface.
The notation used for the groups is explained in detail in Appendix A.1. We now explain the labels
of the different columns. Clearly, R , CG(R), and NG(R)/R denote the radical subgroup, its centraliser
in G , and a quotient of its normaliser. The number |Irr0(NzG(R)/R | λz)| is listed in the column la-
belled |Irr0| or λz , respectively, depending on whether z = 1 or z > 1. Recall that Irr0(NG(R)/R | λ1) =
Irr0(NG(R)/R), which explains the notation for z = 1. If Out(G) is non-trivial, then some entries
under |Irr0| and λ2 have the form n/m for integers n,m  0. When this happens and R is the
corresponding radical subgroup, then |Irr0(NzG(R)/R | λz)| = n + m, and every non-trivial outer au-
tomorphism of zG that stabilizes R acts on Irr0(NzG(R)/R | λz) with n ﬁxed points. If Out(G) is
non-trivial, then, as before, an entry of the form n represents the cardinality |Irr0(NzG(R)/R | λz)|.
In this case, every non-trivial outer automorphism σ stabilizing R sends Irr0(NzG(R)/R | λz) to
Irr0(NzG(Rσ )/Rσ | λσz ).
Since we only consider coprime z and p, columns labelled λz have no entries whenever p | z.
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The sporadic simple groups.
Group/Order Table References
Baby Monster B Table 2 [14,32,33]
241.313.56.72.11.13.17.19.23.31.47
|M|, |Out| = 2,1
Conway Co1 Table 3 [11]
221.39.54.72.11.13.23
|M|, |Out| = 2,1
Conway Co2 Table 4 [7]
218.36.53.7.11.23
|M|, |Out| = 1,1
Conway Co3 Table 5 [2]
210.37.53.7.11.23
|M|, |Out| = 1,1
Fischer Fi22 Table 6 [12]
217.39.52.7.11.13
|M|, |Out| = 6,2
Fischer Fi23 Table 7 [8]
218.313.52.7.11.13.17.23
|M|, |Out| = 1,1
Fischer Fi′24 Table 8 [3]
221.316.52.73.11.13.17.23.29
|M|, |Out| = 3,2
Held He Table 9 [1]
210.33.52.73.17
|M|, |Out| = 1,2
Harada–Norton HN Table 10 [10]
214.36.56.7.11.19
|M|, |Out| = 1,2
Higman–Sims HS Table 11 [31]
29.32.53.7.11
|M|, |Out| = 2,2
Janko J1 Table 12 Magma
23.3.5.7.11.19
|M|, |Out| = 1,1
Janko J2 Table 13 Magma
27.33.52.7
|M|, |Out| = 2,2
Janko J3 Table 14 Magma
27.35.5.17.19
|M|, |Out| = 3,2
Group/Order Table References
Janko J4 Table 15 [15]
221.33.5.7.113.23.29.31.37.43
|M|, |Out| = 1,1
Lyons Ly Table 16 [28,31]
28.37.56.7.11.31.37.67
|M|, |Out| = 1,1
Monster M Table 17 [13,32,33]
246.320.59.76.112.133.17.19.23.29.31.41.47.59.71
|M|, |Out| = 1,1
Mathieu M11 Table 18 [4]
24.32.5.11
|M|, |Out| = 1,1
Mathieu M12 Table 19 [4]
26.33.5.11
|M|, |Out| = 2,2
Mathieu M22 Table 20 [4]
27.32.5.7.11
|M|, |Out| = 12,2
Mathieu M23 Table 21 [4]
27.32.5.7.11.23
|M|, |Out| = 1,1
Mathieu M24 Table 22 [4]
210.33.5.7.11.23
|M|, |Out| = 1,1
McLaughlin McL Table 23 Magma
27.36.53.7.11
|M|, |Out| = 3,2
O’Nan O′N Table 24 [9]
29.34.5.73.11.19.31
|M|, |Out| = 3,2
Rudvalis Ru Table 25 [9]
214.33.53.7.13.29
|M|, |Out| = 2,1
Suzuki Suz Table 26 Magma
213.37.52.7.11.13
|M|, |Out| = 6,2
Thompson Th Table 27 [29,30]
215.310.53.72.13.19.31
|M|, |Out| = 1,1
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Radical subgroups of G = B.
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0
2 2(2E6(2)) 2E6(2).2 0
(22)a 22 × F4(2) F4(2).2 0
(22)b 22 × 2 F4(2) S3 × 2 F4(2) 1
D8 2× 2 F4(2) 2 F4(2) 1
21+22+ 2 Co2 1
29.216 29 S8(2) 1
25(25+10 × 210) 25 L5(2) 1
29+16.27 2 S6(2) 1
22+10+20 22 S3 ×M22:2 0
21+22.210 2 M22:2 0
21+22.(21+6+ × 24) 2 L4(2) 1
23+5+12+15 23 L3(2) × S5 0
29+16.210 24 L4(2) 1
29+16.23+8 22 S6 × S3 1
22+10+20.24 22 S3 × L3(2) 1
25.(25+10 × 210).26 23 L3(2) × S3 1
22+10+20.25 22 S3 × S5 0
29+16.27.25 2 S4(2) 1
23+5+12+15.22 2 S3 × S5 0
21+22+ .210.24 2 L3(2) 1
29+16+ .26+6 23 L3(2) × S3 1
29+16+ .210.23 2 L3(2) 1
21+22+ .24+10.2 2 S23 1
21+22+ .210.25 2 S5 0
29+16+ .26+6.2 23 L3(2) 1
22+10+20+ .25.2 22 S23 1
29+16+ .26+6.22 2 S23 1
21+22+ .210.23.23 2 S3 1
29+16+ .210.24 22 S23 1
29+16+ .23+8.23 22 S23 1
29+16+ .26+6.22.2 2 S3 1
29+16+ .23+8.24 2 S3 1
21+22+ .21+8.23.25 2 S3 1
21+10+20+ .24.23.2 22 S3 1
D 2 1 1
1 G G 9 14
3 3× Fi22:2 2× (Fi22:2) 4 0
32 32 ×U4(3):22 (D8 × U4(3):22).2 19 0
36 36 (2× (L4(3).2)).2 5 2
31+8+ 3 21+6− .U4(3).2 11 1
33.36 33 L3(3) × D8 5 2
31+8+ .3 3 22.24.32.D8 10 4
33.3.33.33 33 2× L3(3) 2 2
31+8+ .32 3 2.S4 × D8 10 4
32.33.36 32 S4 × 2.S4 4 0
31+8+ .33 3 24.S3 8 0
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R CG (R) NG (R)/R |Irr0| λ2
31+8+ .3
1+2
+ 3 2× 2.S4 4 4
32.33.36.3 32 2× 2.S4 4 4
31+8+ .31+2+ .3 3 23 8 8
1 G G 45 55
5 5×HS:2 4× (HS:2) 16 8
52 52 × S5 4.S4 × S5 32 0
53 53 L3(5) 1 1
52.51+2+ 52 GL2(5) 30 4
51+4+ 5 2
1+4− .A5.4 4 12
51+4+ .5 5 42 16 16
1 G G 63 87
7 7× 2.L3(4):2 (3× 2.L3(4).2):2 30 9
72 72 × 22 (22 × 3× 2A4):2 24 24
Table 3
Radical subgroups of G = Co1.
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0
(22)a (22)a × G2(4) (3× G2(4)):2 1
(22)b (22)b × G2(2) S3 × G2(2) 1
D8 2× G2(2) G2(2) 1
21+8+ 2 O+8 (2) 1
211 211 M24 0
22+12 22 A8 × S3 1
22+12.2 2 A8 1
21+8+ .26 2 A8 1
211.24 2 A8 1
24+12 24 S3 × 3.S6 1
211.26 22 L3(2) × S3 1
24+12.2 24 3.S6 1
22+12.23 22 L3(2) × S3 1
21+8+ .26.23 2 L3(2) 1
211.23.24 2 L3(2) 1
211.21+6+ 2 L3(2) 1
21+8+ .21+8+ 2 S33 1
22+12.24 22 S33 1
22+12.25 2 S23 1
21+8+ .26.24 2 S23 1
21+8+ .21+8+ .2 2 S23 1
211.24.24 22 S23 1
211.22.26 22 S23 1
22+12.23.22 22 S23 1
21+8+ .26.23.22 2 S3 1
22+12.23.22.2 2 S3 1
211.2.23.25 2 S3 1
21+8+ .26.24.2 2 S3 1
211.22.23.24 22 S3 1
D 2 1 1
1 G G 1 1
(3)a (3)a .Suz Suz:2 0 1
(continued on next page)
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R CG (R) NG (R)/R |Irr0| λ2
(3)b (3)b × A9 2× A9 2 0
32 32.U4(3) U4(2).D8 5 0
31+2+ 3× A6 (8× A6).2 7 0
31+4+ 3 2.U4(2):2 2 2
36 36 2.M12 1 1
36.3 32 2.(A4 × 2) 2 2
33+4 33 2.S24 4 0
31+4+ .33 3 2.(S4 × 2) 4 4
36.32 33 2.GL2(3) 4 4
33+4.3 3 2.(2× S4) 4 4
D 3 23 8 8
1 G G 15 12
(5)a (5)a × A25.2 (2× A25.2).2 8 0
(5)b (5)b × J2 (2× J2):2 12 6
(52)a (5
2)a × A5 A5.4.S3 12 0
(52)b (52)b 2.A5 1 1
53 53 (4× A5).2 8 8
51+2+ 5 GL2(5) 4 4
D 5 42 16 16
1 G G 39 27
(7)a (7)a × A7 (3× A7).2 24 3
(7)b (7)b × L2(7) (3× L2(7)).2 6 6
72 72 3× 2.A4 21 21
Table 4
Radical subgroups of G = Co2.
R CG (R) NG (R)/R |Irr0|
1 G G 1
21+8+ 2 S6(2) 1
210 210 M22:2 0
21+6+ × 24 25 A8 1
21+8+ .25 2 S4(2) 1
24+10 24 S5 × S3 0
210.24 24 L3(2) 1
21+8+ .26 2 L3(2) 1
24+10.2 23 S23 1
210.25 24 S5 0
21+8+ .23.24 2 S23 1
210.23.23 23 S3 1
21+8+ .22.22.24 2 S3 1
21+8+ .23.22.23 2 S3 1
21+8+ .23.25 2 S3 1
D 2 1 1
1 G G 7
3 3× U4(2).2 2×U4(2).2 4
34 34 A6.D8 5
31+4+ 3 2
1+4− .S5 4
D 3 SD24 × 2 14
1 G G 23
5 5× S5 4× S5 8
51+2+ 5 4.S4 16
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Radical subgroups of G = Co3.
R CG (R) NG (R)/R |Irr0|
1 G G 0
(2)a (2)a .S6(2) S6(2) 1
(2)b (2)b ×M12 M12 0
22 22 × S5 3× S5 0
23 23 × S3 S3 × F 37 5
24 24 A8 1
22.24 22 S6 1
21+6+ 2 L3(2) 1
23.24 23 L3(2) 1
22.26 22 F 29 .S3 1
(2.23.25)a 2 S3 1
(2.23.25)b 2 S3 1
(2.24.24)a 2 S3 1
(2.24.24)b 2 S3 1
D 2 1 1
1 G G 0
3 3× L2(8):3 2× L2(8):3 2
31+4+ 3 4.S6 4
35 35 2×M11 2
D 3 (2× SD24 ) 14
1 G G 11
5 5× A5 A5.4 4
51+2+ 5 (3× 8).2 18
Table 6
Radical subgroups of G = Fi22.
R CG (R) NG (R)/R |Irr0| λ2 λ3 λ6
1 G G 1/0 0
2 2.U6(2) U6(2) 1/0 0
26 26 S6(2) 1/0 1
210 210 M22 0/0 1
2× 21+8+ 22 U4(2):2 0/0 0
26.25 2 S6 1/0 1
210.23 23 L3(2) 1/0 1
25+8 25 S3 × A6 0/2 0
25+8.2 25 A6 0/2 0
210.24 22 S5 0/0 0
25+8.22 22 S23 1/0 1
(2× 21+8+ ).2.24 22 S23 1/0 1
210.22.23 2 S3 1/0 1
210.22.24 22 S3 1/0 1
25+8.D8 2 S3 1/0 1
25+8.23 22 S3 1/0 1
25+8.D8.2 2 1 1/0 1
1 G G 1/0 0/0
3 3×U4(3):2 2× U4(3):2 4/0 0/0
35 35 U4(2):2 2/0 0/2
(continued on next page)
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R CG (R) NG (R)/R |Irr0| λ2 λ3 λ6
(33+3)a 33 L3(3) 1 1
(33+3)b 33 L3(3) 1 1
31+6+ 3 23+4:32:2 2/2 0/0
35.33 3 2× S4 4/0 0/4
(31+6+ .3)a 3 2.S4 2 2
(31+6+ .3)b 3 2.S4 2 2
35:31+2+ 32 2.S4 2/0 0/2
D 3 22 4/0 0/4
1 G G 23/12 5/14 20 4
5 5× S5 4× S5 8/0 0/8 8 8
52 52 4.S4 16/0 4/12 16 16
Table 7
Radical subgroups of G = Fi23.
R CG (R) NG (R)/R |Irr0|
1 G G 2
2 2.Fi22 Fi22 1
(22)a (22)a .U6(2) U6(2).2 2
(22)b (22)b × S6(2) S3 × S6(2) 1
D8 2× S6(2) S6(2) 1
27 27 S6(2) 1
211 211 M23 2
22 × 21+8+ 23 (3× U4(2)).2 1
(22 × 21+8+ ).2 22 S6 1
211.23 24 L3(2) 1
26+8 26 S3 × A7 0
26+8.2 26 A7 0
211.24 23 3.S5 1
26+8.22 23 S23 1
(22 × 21+8+ ).2.24 23 3.S23 4
211.22.23 22 S3 1
211.22.24 23 F 2
32
4
26+8.D8 22 S3 1
26+8.23 23 S3 1
D 22 1 1
1 G G 1
3 3× O7(3) 2× O7(3) 2
36 36 L4(2):2 2
31+8+ 3 21+6− :31+2+ :2.S4 2
33.36 33 L3(3) × 2 2
31+8+ .3 3 21+4+ .S23 4
33.3.33.33 33 L3(3) × 2 2
31+8+ .32 3 2.S4 × 2 4
33:3.33.33.32 32 2.S4 × 2 4
31+8+ :31+2+ 3 2.S4 × 2 4
D 3 23 8
1 G G 33
5 5× S7 4× S7 20
52 52 × 2 (42 × 2).2.3 16
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Radical subgroups of G = Fi′24.
R CG (R) NG (R)/R |Irr0| λ3
1 G G 2/0 0
2 2.Fi22.2 Fi22.2 0/0 0
(22)a (22)a .U6(2) U6(2).S3 1/0 1
(22)b (22)b ×O+8 (2):3 (3× O+8 (2):3):2 2/2 0
D8 2× S6(2) S6(2) 1/0 1
28 28 O−8 (2) 1/0 1
211 211 M24 0/0 0
21+12+ 2 3.U4(2):2 2/0 0
21+12+ .2 2 U4(2) 1/0 1
26+8 26 A8 × S3 1/0 1
211.24 26 A8 1/0 1
23+12 23 A6 × L3(2) 0/2 0
211.26 2 3.S6 1/0 1
23.26.28 23 S3 × L3(2) 1/0 1
21+12+ .24 2 A6 × S3 0/2 0
23+12.22 22 A6 × S3 0/2 0
23.23.26.25 23 S3 × L3(2) 1/0 1
26+8.23 23 L3(2) × S3 1/0 1
211.23.24 23 L3(2) 1/0 1
211.21+6 23 L3(2) 1/0 1
21+12+ .2.24 2 S33 1/0 1
21+12+ .24.2 2 2.A6 0/2 0
211.22.26 22 S23 1/0 1
211.24.24 2 S23 1/0 1
21+12.2.24.2 2 S23 1/0 1
21+12.22.24 2 S23 1/0 1
26+8.24.2 2 S23 1/0 1
26+8.23.22 22 S23 1/0 1
26+8.24.22 2 S3 1/0 1
26+8.23.23 22 S3 1/0 1
211.22.23.24 2 S3 1/0 1
21+12.24.22.2 2 S3 1/0 1
23+12.(D8 × 22) 2 S3 1/0 1
D 2 1 1/0 1
1 G G 1/0
3 3× O+8 (3):3 (O+8 (3):3):2 0/0
32 32 × G2(3) (2× G2(3)):2 2/2
37 37 O7(3) 1/0
31+10+ 3 U5(2):2 1/0
31+10+ .3 3 U4(2):2 2/0
33.34.33.33 33 L3(3) × 2 2/0
32.34.38 32 (A5 × 2.A4):2 1/0
31+10+ .34 3 S5 × 2 2/0
31+10+ .(3× 31+2+ ) 3 2× 2.S4 4/0
32.34.38.3 32 (2× 2.A4).2 4/0
32.34.38.32 3 23 8/0
1 G G 26/12 20
5 5× A9 (2× A9).2 10/0 10
52 52 × A4 (4.A4 × A4).2 38/8 30
1 G G 41/8 29
7 7× A7 6× A7 24/0 12
(72)a (7
2)a 2.L2(7).2 2 2
(72)b (7
2)b 2.L2(7).2 2 2
71+2+ 7 S3 × 6 12/6 18
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Radical subgroups of G = He.
R CG (R) NG (R)/R |Irr0|
1 G G 2/0
(22)a (22)a × L3(2) S3 × L3(2) 1/0
(22)b (22)b .L3(4) L3(4).S3 1/0
D8 2× L3(2) L3(2) 1/0
(26)a (26)a 3.S6 1
(26)b (26)b 3.S6 1
21+6+ 2 L3(2) 1/0
(22.26)a 22 S23 1
(22.26)b 22 S23 1
24.24 24 S23 1/0
(21+6+ .22)a 2 S3 1
(21+6+ .22)b 2 S3 1
(22.23.24)a 2 S3 1
(22.23.24)b 2 S3 1
D 2 1 1/0
1 G G 0/2
(3)a (3)a .A7 S7 0/0
(3)b (3)b × L2(7) 2× L2(7) 2/4
32 32 × 22 22.GL2(3) 3/6
31+2+ 3 D8 5/0
1 G G 6/6
5 5× A5 A5.4 4/0
52 52 4.A4 6/8
1 G G 3/2
7 7× L2(7) 3× L2(7) 3/0
72 72 SL2(7) 1/0
71+2+ 7 S3 × 3 9/0
Table 10
Radical subgroups of G = HN.
R CG (R) NG (R)/R |Irr0|
1 G G 1/0
2 2.HS.2 HS.2 0/0
22 22 × A8 (3× A8):2 1/0
D8 2× A6.2 A6.22 0/0
Q 8 2× 5:4 (5:4).S3 1/0
SD16 2× 5:2 (5:2).2 1/0
26 26 U4(2) 1/0
21+8+ 2 A25.2 0/0
21+8+ .2 2 A5 1/0
21+8+ .22 2 3× A5 1/2
23.22.26 23 3× L3(2) 1/2
22.2.22.24.24 22 3× S3 1/2
21+8+ .24 2 3× S3 1/2
D 2 3 1/2
1 G G 5/4
3 3× A9 A9:2 2/0
32 32 × A6 (4× A6).22 7/0
34 34 2.A24.4 2/2
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R CG (R) NG (R)/R |Irr0|
34.3 32 2.S4 2/0
31+4+ 3 4.A5 0/6
D 3 4× 2 4/4
1 G G 2/2
5 5×U3(5) (2×U3(5)).2 4/0
52.51+2+ 52 4.A5 2/0
51+4+ 5 2
1+4− .5.4 6/0
D 5 2× 4 8/0
Table 11
Radical subgroups of G = HS.
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0/0
2 2× A6.22 A6.22 0/0
22 22 × F 45 3× F 45 1/2
24 24 S6 1/0
43 43 L3(2) 1/0
4  21+4 4 S5 0/0
24.23 2 S3 1/0
43:22 22 S3 1/0
21+4  (4.22) 4 S3 1/0
43:D8 2 1 1/0
1 G G 3/0 2/4
3 3× S5 S3 × S5 2/0 0/2
32 32 × 2 22.2.22 8/6 3/2
1 G G 2/0 1/0
5 5× A5 4× A5 4/0 0/0
51+2+ 5 8.2 6/4 0/10
Table 12
Radical subgroups of G = J1 .
R CG (R) NG (R)/R |Irr0|
1 G G 5
2 2× A5 A5 1
23 23 7:3 5
Table 13
Radical subgroups of G = J2 .
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0/0
22 22 × A5 3× A5 1/2
21+4− 2 A5 1/0
22+4 22 3× S3 1/2
22+4.2 2 3 1/2
1 G G 0/2 1/0
(3)a 3.A6 A6:2 2/0 0/2
(3)b (3)b × A4 2× A4 2/0 0/0
32:3 3 8 2/6 2/6
1 G G 3/0 1/2
5 5× A5 2× A5 2/0 0/0
52 52 D12 6/0 6/0
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Radical subgroups of G = J3 .
R CG (R) NG (R)/R |Irr0| λ3
1 G G 4/0 0
24 24 3× A5 1/2 3
21+4− 2 A5 1/0 1
22+4 22 3× S3 1/2 3
22+4.2 2 3 1/2 3
1 G G 2/0
3 3× A6 A6:2 2/0
33.32 32 8 2/6
Table 15
Radical subgroups of G = J4 .
R CG (R) NG (R)/R |Irr0|
1 G G 3
210 210 L5(2) 1
211 211 M24 0
21+12 2 3.M22:2 1
210.24 24 L4(2) 1
211.24 26 A8 1
23+12 23 S5 × L3(2) 0
23+12.2 23 S3 × L3(2) 1
23+12.23 2 S3 × L3(2) 1
23.26+8 23 S3 × L3(2) 1
22.25+10 22 S5 × S3 0
21+12.24 2 3.S6 1
23+12.22 2 S3 × S5 0
210.23+4 2 L3(2) 1
23+12.D8 23 L3(2) 1
23+12.23 22 S23 1
21+12.22+3 2 S23 1
211.21+6 23 L3(2) 1
21+12.25 2 S5 0
21+12.22.24 2 S23 1
21+12.2.22+3 2 S23 1
23+12.24 2 S23 1
21+12.23.23 2 S3 1
22+12.23.22 22 S3 1
211.22.23.24 2 S3 1
211.22+5 2 S3 1
21+12.2.23.23 2 S3 1
D 2 1 1
1 G G 13
3 2M22 2M22.2 7
32 32 × 23 23.2S4 9
31+2+ 31+2+ × 2 (2× 8).2 14
1 G G 13
111+2+ 11 5× 2S4 40
Table 16
Radical subgroups of G = Ly.
R CG (R) NG (R)/R |Irr0|
1 G G 10
2 2A11 A11 0
23 23 L3(2) 1
J. An, H. Dietrich / Journal of Algebra 356 (2012) 325–354 347Table 16 (continued)
R CG (R) NG (R)/R |Irr0|
(Q 8)a 2A5.2 S3 × S5 0
(Q 8)b 2A7 (3× A7).2 0
24 24 × 3 3A7 4
2.D8 2A5 S5 0
21+4− 2 S5 0
(21+4+ )a 2 S23 1
(21+4+ )b 2× 3 3.O+4 (2) 1
22+4 22 × 3 3.(S3 × S3) 1
2.(D8 × 22) 2 S3 1
2.24:2 2 S3 1
21+4.2 2× 3 3× S3 3
22.[25] 23 S3 1
22+4.2 2× 3 S3 1
2.[26] 2 S3 1
22+4.2.2 2 1 1
1 G G 5
3 3McL McL.2 3
35 35 2×M11 2
32+4 32 2A5.D8 6
32+4.3 32 2× Q 8.2 14
1 G G 5
53 53 L3(5) 1
51+4+ 5 4S6 14
53.52 52 GL2(5) 4
51+4+ .5 5 42 16Table 17
Radical subgroups of G = M.
R CG (R) NG (R)/R |Irr0|
1 G G 3
2 2B B 0
22 22.2E6(2) 2E6(2).S3 1
D8 2.F4(2) F4(2).2 0
Q 8 2.2 F4(2) S3 × 2 F4(2) 1
SD24 2× 2 F4(2) 2 F4(2) 1
21+24+ 2 Co1 0
210+16 210 Ω+10(2) 1
(21+24+ .22)a 2 (3× G2(4)).2 1
(21+24+ .22)b 2 S3 × G2(2) 1
21+24+ .D8 2 G2(2) 1
21+24+ .21+8 2 O+8 (2) 1
25.210.220 25 S3 × L5(2) 1
22.211.222 22 M24 × S3 0
210+16.210 25 L5(2) 1
25.210.220.2 25 L5(2) 1
21+24+ .211 2 M24 0
(21+24+ .21+8.23)a 2 L3(2) 1
(21+24+ .21+8.23)b 2 L3(2) 1
(21+24+ .21+8.23)c 2 L3(2) 1
(21+24+ .21+8.24)a 2 S23 1
(21+24+ .21+8.24)b 2 S23 1
(21+24+ .21+8.24)c 2 S23 1
25.210.220.24 24 S3 × L4(2) 1
23.26.212.218 23 3.S6 × L3(2) 1
22.211.222.24 22 L4(2) × S3 1
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R CG (R) NG (R)/R |Irr0|
(21+24+ .22+12)a 2 S3 × 3.S6 1
(21+24+ .22+12)b 2 S3 × L4(2) 1
21+24+ .21+8.2
1+4
+ 2 S3 1
(21+24+ .21+8.25)a 2 S3 1
(21+24+ .21+8.25)b 2 S3 1
(21+24+ .21+8.25)c 2 S3 1
25.210.220.(2× 24) 24 L4(2) 1
21+24+ .22+12.2 2 3.S6 1
(21+24+ .21+8.26)a 2 L4(2) 1
(21+24+ .21+8.26)b 2 L4(2) 1
(21+24+ .21+8.26)c 2 L4(2) 1
21+24+ .21+8.26 2 S23 1
(23.26.212.218.22)a 23 S23 × L3(2) 1
(23.26.212.218.22)b 23 S23 × L3(2) 1
(22.211.222.26)a 22 L3(2) × S23 1
(22.211.222.26)b 22 3.S6 × S3 1
(23.26.212.218.[23])a 23 S3 × L3(2) 1
(23.26.212.218.[23])b 23 S3 × L3(2) 1
(23.26.212.218.[23])c 23 S3 × L3(2) 1
22.211.222.23+4 22 L3(2) × S3 1
22.211.222.21+6 22 L3(2) × S3 1
(21+24+ .22+12.23)a 2 S3 × L3(2) 1
(21+24+ .22+12.23)b 2 S3 × L3(2) 1
23.26.212.218.[24] 23 L3(2) 1
22.211.222.22+6 22 S23 × S3 1
22.211.222.24+4 22 S33 1
22.211.222.[28] 22 S33 1
21+24+ .22+12.24 2 S33 1
21+24+ .21+8.21+8+ 2 S33 1
(22.211.222.[29])a 22 S23 1
(22.211.222.[29])b 22 S23 1
(22.211.222.[29])c 22 S23 1
(22.211.222.[29])d 22 S23 1
(21+24+ .22+12.[25])a 2 S23 1
(21+24+ .22+12.[25])b 2 S23 1
21+24+ .22+12.2
1+4
+ 2 S3 1
22.211.222.[210] 22 S3 1
21+24+ .22+12.(2× [26]) 2 1 1
1 G G 1
(3)a 3× Th 2× Th 8
(3)b 3Fi
′
24 Fi24 2
32 32 × O+8 (3) (2×O+8 (3)).S4 2
31+2+ 3× G2(3) (22 × G2(3)).2 5
38 38 O−8 (3).2 2
31+12+ 3 2.Suz:2 1
31+12+ .3 3 2U4(3).22 4
31+12+ .32 3 2(8× A6).2 7
32.35.310 32 M11 × 2.S4 2
33+2+6+6 33 L3(3) × SD16 7
31+12+ .35 3 22 ×M11 4
31+12+ .32+4 3 2.S4 × SD16 14
32+5+10.32 32 2.S4 × SD16 14
31+12+ .32+4.3 3 22 × SD16 28
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R CG (R) NG (R)/R |Irr0|
1 G G 31
5 5×HN (2×HN).2 10
52 52 × U3(5) (4.22 ×U3(5)).S3 28
54 54 (3× 2.L2(25)).2 3
53+3 53 2× L3(5) 2
51+6+ 5 2.J2:4 18
52+2+4 52 S3 × GL2(5) 12
51+6+ .5 5 4× 2S5 8
51+6+ .52 5 S3 × 42 48
1 G G 49
7 7×He (3×He).2 1
(72)a (72)a × L2(7) ((3× 2.A4) × L2(7)).2 24
(72)b (7
2)b SL2(7) 1
72.71+2 72 GL2(7) 6
71+4+ 7 3× 2.S7 1
71+4+ .7 7 62 27
1 G G 86
11 11×M12 (5×M12):2 50
112 112 5× 2.A5 45
1 G G 85
13 13× L3(3) (6× L3(3)).2 42
132 132 4.L3(13).2 4
131+2+ 13 3× 4.S4 48
Table 18
Radical subgroups of G = M11.
R CG (R) NG (R)/R |Irr0|
1 G G 2
22 22 S3 1
Q 8 2 S3 1
SD24 2 1 1
1 G G 1
32 32 SD24 7
Table 19
Radical subgroups of G = M12.
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0/0
2 2× S5 S5 0/0
22 22 × S3 S3 × 3 1/2
22.23 22 S3 1/0
21+4+ 2 S3 1/0
D 2 1 1/0
1 G G 1/0 0/0
3 3× A4 A4 × 2 2/0 0/0
(32)a (3
2)a GL2(3) 2 2
(32)b (3
2)b GL2(3) 2 2
31+2+ 3 22 2/2 2/2
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Radical subgroups of G = M22.
R CG (R) NG (R)/R |Irr0| λ2 λ3 λ4
1 G G 0/0 1
23 23 L3(2) 1/0 1
(24)a (24)a A6 0/2 0
(24)b (24)b S5 0/0 0
22.23 22 S3 1/0 1
2.22.23 2 S3 1/0 1
22.24 22 S3 1/0 1
D 2 1 1/0 1
1 G G 3/0 0/2 2
3 3.A4 S4 2/0 2/0 0
32 32 Q 8 3/2 3/2 5
Table 21
Radical subgroups of G = M23.
R CG (R) NG (R)/R |Irr0|
1 G G 2
23 23 L3(2) 1
(24)a (24)a A7 0
(24)b (24)b (3.A5):2 1
22.23 22 S3 1
2.22.23 2 S3 1
22.24 22 32.2 4
D 2 1 1
1 G G 5
3 3× A5 S5 1
32 32 8.2 7
Table 22
Radical subgroups of G = M24.
R CG (R) NG (R)/R |Irr0|
1 G G 0
24 24 A8 1
(26)a (26)a L3(2) × S3 1
(26)b (26)b 3.S6 1
21+6+ 2 L3(2) 1
23.24 23 L3(2) 1
(22.26)a 22 S23 1
(22.26)b 22 S23 1
24.24 24 S23 1
(22.23.24)a 2
2 S3 1
(22.23.24)b 2
2 S3 1
(2.23.25)a 2 S3 1
(2.23.25)b 2 S3 1
D 2 1 1
1 G G 1
(3)a (3)a .A6 S6 2
(3)b (3)b .L3(2) 2× L3(2) 6
32 32 GL2(3) 2
31+2+ 3 D8 5
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Radical subgroups of G = McL.
R CG (R) NG (R)/R |Irr0| λ3
1 G G 2/2 1
2 2.A8 A8 1/0 1
(24)a (24)a A7 0 2
(24)b (24)b A7 0 2
21+4+ 2 S23 1/0 1
22+4 22 32.2 2/2 0
(2.22.23)a 2 S3 1 1
(2.22.23)b 2 S3 1 1
22+4.2 2 1 1/0 1
1 G G 1/2
34 34 A6.2 2/0
31+4+ 3 2.S5 1/2
31+4+ .3 3 Q 8 5/0
1 G G 3/2 2
51+2+ 5 3:8 8/4 12
Table 24
Radical subgroups of G = O′N.
R CG (R) NG (R)/R |Irr0| λ3
1 G G 5/0 5
22 (22 × 32):4 (32:4).S3 0/2 0
4 4.L3(4) L3(4):2 0/0 0
D8 2× 32:4 (32:4).2 1/0 0
43 43 L3(2) 1/0 1
4.24 4 A5 1/0 1
(4× 22).24 4 S3 1/0 1
(42 × 2).23 22 S3 1/0 1
D 2 1 1/0 1
1 G G 6/0
32 32 × A6 (4× A6).2 3/2
34 34 21+4+ .D10 6/8
1 G G 6/0 1
(72)a (7
2)a SL2(7):2 2 2
(72)b (7
2)b SL2(7):2 2 2
71+2+ 7 3× D8 9/6 15
Table 25
Radical subgroups of G = Ru.
R CG (R) NG (R)/R |Irr0| λ2
1 G G 0
22 22 × Sz(8) Sz(8):3 3
26 26 U3(3):2 1
2.24+6 2 S5 0
23+8 23 L3(2) 1
2.24+6:2 2 S3 1
23+8:22 22 S3 1
2.24+6:22 2 S3 1
2.24+6:D8 2 1 1
(continued on next page)
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R CG (R) NG (R)/R |Irr0| λ2
1 G G 16 5
3 3.M10 A6.22 4 4
32 32 GL2(3) 2 2
31+2+ 3 Q 8:2 7 7
1 G G 6 0
5 5× A5 4× A5 4 0
52 52 GL2(5) 4 4
51+2+ 5 4.D8 14 14
Table 26
Radical subgroups of G = Suz.
R CG (R) NG (R)/R |Irr0| λ2 λ3 λ6
1 G G 0/0 0
(22)a (22)a × L3(4) (3× L3(4)).2 1/0 0
(22)b (22)b × (32:Q 8) S3 × (32:Q 8) 1/0 0
D8 2× (32:Q 8) 32:Q 8 1/0 0
21+6− 2 O5(3) 1/0 1
22+8 22 A5 × S3 1/0 1
24+6 24 3.A6 0/2 2
21+6− .24 2 A5 1/0 1
22+8.22 22 3× S3 1/2 3
24+6.22 2 3× S3 1/2 3
22+8.22.2 2 3 1/2 3
1 G G 0/0 0/2
3 3.U4(3) U4(3).2 2/0 0/0
32 32 × A6 A6:Q 8 3/2 0/0
35 35 M11 1/0 1/0
32+4 32 ((2× L2(3)):2).2 5/0 2/0
32+4.3 32 8.2 7/0 7/0
1 G G 7/6 4/4 12 8
(5)a 5× A6 A6:4 2/4 6/0 4 4
(5)b (5)b × A5 A5:4 4/0 0/0 4 0
52 52 4× S3 12/0 0/12 12 12
Table 27
Radical subgroups of G = Th.
R CG (R) NG (R)/R |Irr0|
1 G G 3
25 25 L5(2) 1
25.24 24 L4(2) 1
21+8+ 2 A9 0
(25.26)a 22 S3 × L3(2) 1
(25.26)b 23 L3(2) × S3 1
(21+8+ .22)a 2 (3× A5).2 1
(21+8+ .22)b 2 (S3 × 3).2 1
25.26.2 23 L3(2) 1
(21+8+ .23)a 2 L3(2) 1
(21+8+ .23)b 2 L3(2) 1
21+8+ .D8 2 S3 1
(25.26.22)a 22 S23 1
(25.26.22)b 22 S23 1
21+8+ .24 2 S23 1
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R CG (R) NG (R)/R |Irr0|
25.26.D8 22 S3 1
21+8+ .23.22 2 S3 1
21+8+ .2
1+4
+ 2 S3 1
21+8+ .24.2 2 S3 1
21+8+ .[26] 2 1 1
1 G G 4
3 3× G2(3) G2(3).2 2
35 35 2.S6 2
3.32.(3× 32).32 3 2.S4 2
32.33.32.32 32 2.S4 2
D 3 22 4
1 G G 21
52 52 GL2(5) 4
51+2+ 5 4.S4 16
1 G G 14
7 7× L2(7) (3× L2(7)):2 6
72 72 3× 2.S4 24
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